Two effects, turbulent barodiffusion and turbulent thermal diffusion in gases, are discussed. These phenomena are related to the dynamics of a gaseous admixture in compressible turbulent fluid flow with low Mach numbers. Turbulent barodiffusion causes an additional mass flux of the gaseous admixture directed to the maximum of the mean fluid pressure, while turbulent thermal diffusion results in an accumulation of the gaseous admixture in the vicinity of the minimum of the mean temperature of the surrounding fluid. At large Péclet and Reynolds numbers these additional turbulent fluxes are considerably higher than those caused by molecular barodiffusion and molecular thermal diffusion. It is shown that turbulent barodiffusion and turbulent thermal diffusion may contribute to the formation of large-scale inhomogeneous structures in a gaseous admixture advected by a low-Mach-number compressible turbulent velocity field. The large-scale dynamics are studied by considering the stability of the equilibrium solution of the derived evolution equation for the mean number density of the gaseous admixture in the limit of large Péclet numbers. The resulting equation is reduced to an eigenvalue problem for a Schrödinger equation with a variable mass, and a modified Rayleigh-Ritz variational method is used to estimate the lowest eigenvalue ͑corresponding to the growth rate of the instability͒. This estimate is in good agreement with obtained numerical solution of the Schrödinger equation.
I. INTRODUCTION
The phenomena of molecular barodiffusion and molecular thermal diffusion in gases were discovered long ago ͑see, e.g., ͓1-3͔͒. The equation for the number density n p of a gaseous admixture in a surrounding fluid taking into account these effects is
The molecular flux of the gaseous admixture
ͬ comprises three terms: the flux of the gaseous admixture due to molecular diffusion (ϳٌn p ), the flux caused by the temperature gradient ٌT f of the surrounding fluid ͑molecular thermal diffusion͒, and the flux caused by the fluid pressure gradient ٌP f ͑molecular barodiffusion; see, e.g., ͓3͔͒. Here D is the coefficient of molecular diffusion, k t ϰn p is the thermal diffusion ratio, and k p ϰn p is the molecular barodiffusion ratio. Turbulent fluid flow results in a large increase of the effective diffusion coefficient at large Péclet and Reynolds numbers ͓4-7͔.
The main goal of this paper is to discuss two effects: turbulent barodiffusion and turbulent thermal diffusion in gases. These phenomena result in additional mass fluxes of the gaseous admixture advected by a compressible turbulent fluid flow with low Mach number. These effects are caused by the compressibility of the turbulent fluid flow. It is demonstrated that turbulent barodiffusion and turbulent thermal diffusion may contribute to the formation of large-scale inhomogeneous structures in a gaseous admixture. The largescale dynamics are studied by considering the stability of the equilibrium solution of the derived evolution equation for the mean number density of the gaseous admixture in the limit of large Péclet numbers.
Recently, it was found that the inertia of small particles advected by a turbulent fluid flow results in an additional flux of particles directed to the minimum ͑or maximum͒ of the mean temperature of the surrounding fluid depending on the ratio of material particle density to that of the surrounding fluid ͓8͔. Turbulent thermal diffusion of small inertial particles is caused by nonzero divergence of the velocity field of inertial particles advected by fluid flow.
II. TURBULENT FLUX OF THE MASS OF A GASEOUS ADMIXTURE
We consider a mixture of two gaseous components with very different number densities: n p Ӷn. Instead of a gaseous component with a number density n p , light particles can be considered. Hereafter the gas component with a number density nϭ f /m is called a fluid, while the component with a number density n p is called a gaseous admixture (m is the mass of molecules of the surrounding fluid͒. The number density n p (t,r) of a gaseous admixture in a turbulent compressible flow is determined by
where U is a random velocity field of the gaseous admixture, which it acquires in a turbulent fluid velocity field v. The density f of the surrounding fluid satisfies the continuity equation
In Eq. ͑2͒ we do not take into account the diffusion of the fluid in the gaseous admixture because n p Ӷn. The velocity v of the surrounding fluid is assumed to be known. We neglect an influence of the gaseous admixture upon the velocity of the surrounding fluid because p ϭm p n p Ӷ f , where m p is the mass of molecules ͑or particles͒ of the gaseous admixture. On the other hand, the velocity of the gaseous admixture U is determined by the velocity of the surrounding fluid, and it is found from the equation of motion dU/dtϭ͓vϪU͔/ p ϩg, where g is the acceleration of gravity, and p is the characteristic time of momentum coupling between the gaseous admixture and the surrounding fluid. Here we neglect the small pressure gradient of the gaseous admixture and its viscous force. The solution of the equation of motion for a gaseous admixture when inertia effects are negligible yields the velocity Uϭvϩv s . The second term in the velocity of the gaseous admixture describes a sedimentation of the admixture in a gravity field with a terminal fall velocity v s ϭ p g.
In order to derive the equation for the mean concentration of the gaseous admixture, Eq. ͑1͒ must be averaged over the ensemble of random velocity fluctuations. For this purpose we use the stochastic calculus that was applied in magnetohydrodynamics ͓9-11͔ and passive scalar transport in incompressible ͓9,10,12͔ and compressible ͓8,13͔ turbulent flows. In the stochastic calculus the solution of Eq. ͑1͒ with the initial condition n p (tϭt 0 ,x)ϭn 0 (x) is given by n p ͑ t,x͒ϭM ͕G͑t,t 0 ͒n 0 ͓͑ t,t 0 ͔͖͒ ͑3͒ ͑see Appendix A͒, where 
where f ϭϩ, ϭ͗ f ͘ is the mean density, and is the density fluctuations. We take into account that the turbulent velocity of the gaseous admixture coincides with that of the surrounding fluid because the random component of the terminal fall velocity v s equals zero. Consider the case of low Mach numbers M Ӷ(l 0 /L) 1/2 , where l 0 is the energy containing scale of turbulent fluid flow, L is the large scale ͑e.g., the inhomogeneity scale of the mean temperature or the mean density͒, M ϭ(͗u 
The equation of state for the surrounding fluid for the mean fields PϭT/m yields
Combining Eqs. ͑6͒-͑8͒, ͑10͒, and ͑11͒ allows us to rewrite Eq. ͑6͒ in the form
where the turbulent flux of the gaseous admixture is given by
D T ϭu 0 l 0 /3 is the coefficient of turbulent diffusion, and u 0 is the characteristic velocity in the scale l 0 . The molecular flux of the gaseous admixture
comprises three terms: molecular diffusion (ϳٌN), molecular thermal diffusion (ϳk t ٌT, where k t is the molecular thermal diffusion ratio͒, and molecular barodiffusion (ϳk p ٌP, where k p is the molecular barodiffusion ratio; see, e.g., ͓3͔͒. Comparing the molecular ͑14͒ and turbulent ͑13͒ fluxes of the gaseous admixture, we can interpret the new additional turbulent fluxes as fluxes caused by the effects of turbulent thermal diffusion (ϳk T ٌT, where k T ϭN is the turbulent thermal diffusion ratio͒ and turbulent barodiffusion (ϳk P ٌP, where k P ϭϪN is the turbulent barodiffusion ratio͒. Remarkably, the additional turbulent flux caused by the effect of turbulent thermal diffusion appears also for inertial particles advected by a turbulent flow ͓8͔. The turbulent flux of small inertial particles of mass m p is given by
is the coefficient of turbulent thermal diffusion, Peϭu 0 l 0 /D is the Péclet number, Re * ϭmin͕Re,Pe T ͖, Reϭl 0 u 0 / is the Reynolds number, Pe T ϭl 0 u 0 / is the thermal Péclet number, and is the coefficient of molecular thermal conductivity. The turbulent thermal diffusion of small inertial particles is caused by the correlation between temperature and velocity fluctuations of the surrounding fluid and leads to the relatively strong mean flux of small inertial particles in the direction of the regions with the minimum ͑or maximum͒ of the mean temperature of the surrounding fluid depending on the ratio of material particle density to that of the surrounding fluid. Note that the velocity field of particles is divergent due to the finite inertia of particles advected by turbulent flow. For heavy particles ͑with sizes у1m͒ the turbulent thermal diffusion ratio k T (p) ӷN at large Reynolds and Péclet numbers. For light particles ͑or the gaseous admixture͒ the effects of inertia are negligible. However, compressibility of the surrounding fluid results in the new additional turbulent fluxes of the gaseous admixture caused by turbulent thermal diffusion and turbulent barodiffusion. Note that the turbulent flux of the gaseous admixture ͑13͒ can also be obtained by means of a simple dimensional analysis ͑see ͓14͔͒.
III. MECHANISM OF THE FORMATION OF LARGE-SCALE INHOMOGENEITIES IN THE SPATIAL DISTRIBUTION OF THE CONCENTRATION OF A GASEOUS ADMIXTURE
Now we study the dynamics of the large-scale distribution of the concentration of the gaseous admixture in a smallscale turbulent fluid flow. Turbulent barodiffusion and turbulent thermal diffusion may result in the formation of inhomogeneous structures in a large-scale distribution of the gaseous admixture advected by a compressible turbulent fluid flow. The mechanism of this effect is as follows. In incompressible flow at any time, the mass of the fluid flowing into a small volume exactly equals the mass outflow from this volume. In the limit of infinite Péclet number the gaseous admixture is frozen into the flow of a surrounding fluid. Therefore, there is no accumulation of the gaseous admixture at any point of the volume.
The situation changes if ٌ•u 0 in a turbulent fluid flow. In this case a mass of fluid flowing into a small volume does not equal the mass outflow from the volume at any instance. Therefore, at times smaller than a characteristic time of the turbulent velocity field there is an accumulation ͑or outflow͒ of the gaseous admixture. Note that the accumulation and outflow of the gaseous admixture in a small control volume are separated in time and molecular diffusion breaks a timereversal symmetry between the accumulation and outflow. The latter can cause pattern formation in the concentration distribution of the gaseous admixture advected by a compressible turbulent fluid flow. Indeed, let us demonstrate this effect. For this purpose we derive the equation for n p 2 . Multiplication of Eq. ͑1͒ by n p and simple manipulations yield
where 
where we use the Gauss theorem ͐(ٌ•B)dV * ϭ ͶB•dS.
Thus only molecular diffusion and sedimentation can change a mass of the gaseous admixture in the volume V * . However, the direction of this change ͑the growth or decay of ͐n p dV * and ͐n p 2 dV * ) is determined by the sign of ٌ•v. When Dϭ0 and v s ϭ0 the particles of gaseous admixture are ''frozen'' into the surrounding fluid and ͐n p dV * ϭconst. If ٌ•vϽ0 and D 0, a redistribution of the mass of the gaseous admixture occurs, so that regions with a high concentration of the gaseous admixture are adjacent to the regions with a low concentration. Therefore, the large-scale inhomogeneous structures in the spatial distribution of the gaseous admixture concentration are formed.
Note that there exists a certain similarity between the formation of the large-scale inhomogeneous structures in the spatial distribution of the gaseous admixture concentration ͑passive scalar͒ and generation of magnetic fields ͑passive vector͒ by a turbulent flow of conducting fluid. The magnetic flux ͐B•dS through a surface corresponds to a mass ͐n p dV * of the gaseous admixture in the volume V * . 
The effect of the magnetic diffusion is similar to that of molecular diffusion of a passive scalar. Indeed, the magnetic flux can be changed only if the magnetic diffusion is nonzero ͑finite electrical conductivity͒, which prevents the freezing of the magnetic field into the flow of a conducting fluid. Diffusion of the magnetic field breaks a reversibility in time of the magnetic structures evolution. Similarly, molecular diffusion breaks a reversibility in time so that accumulation and outflow of the gaseous admixture from a control volume cannot be compensated exactly. The latter results in the formation of the large-scale inhomogeneous structures in the spatial concentration distribution of the gaseous admixture. All of the above considered conditions for the formation of the inhomogeneous structures in the concentration distribution of the gaseous admixture are only necessary, but not sufficient. The sufficient conditions can be determined only after the analysis of the large-scale stability of the equilibrium concentration distribution. This analysis is performed in the next section.
IV. ANALYSIS OF LARGE-SCALE INSTABILITY
In this section we analyze the formation of large-scale inhomogeneous structures in the spatial concentration distribution of the gaseous admixture concentration. Equation ͑12͒ for the mean number density of the gaseous admixture can be rewritten in the form
where Vϭv s , F 0 (Z)ϭ͗u 2 ͘/u 0 2 , ͗u p u m ͘ϭu 0 2 F 0 (Z)␦ mn /3 ͑for details see ͓13͔͒, and the vectors g and ٌ are directed against the Z axis. The equilibrium solution of Eq. ͑18͒ is given by
Hereafter we consider the case Peӷ1, i.e., D T ӷD. Now we study the stability of this equilibrium solution.
We seek the solution of Eq. ͑18͒ in the form
where the wave vector k is perpendicular to the Z axis. Substituting Eq. ͑19͒ into Eq. ͑18͒ yields
We consider the case F 0 (Z)ӷPe Ϫ1 for all Z. Equation ͑20͒ is written in dimensionless form, the coordinate Z is measured in units ⌳ T , the time t is measured in units ⌳ T 2 /D T , the wave number k and value are measured in units Substitution of
reduces Eq. ͑20͒ to the eigenvalue problem for the Schrö-dinger equation
͑22͒
where W 0 ϭϪ␥ and the potential U 0 is given by
͑23͒
Now we use a quantum-mechanical analogy for the analysis of inhomogeneity formation in a spatial distribution of the concentration of the gaseous admixture. The instability (␥Ͼ0) can be excited if there is a region of a potential well where U 0 Ͻ0. The positive value of W 0 corresponds to turbulent diffusion, whereas a negative value of W 0 results in the excitation of the instability. Now we introduce the function f ϭln͗u 2 ͘, where f ЈϭF 0 Ј/F 0 . The potential U 0 can be rewritten as
͑24͒
The potential U 0 can be negative if 2 f ЉϪ2ЈϪ 2 Ͻ0. ͑25͒
A. Estimation of the growth rate of the instability
In order to estimate the first energy level W 0 we use a modified variational method ͑e.g., a modified Rayleigh-Ritz method͒. The modification of the regular variational method is required since Eq. ͑22͒ can be regarded as the Schrödinger equation with a variable mass m 0 (Z). Now we rewrite Eq. ͑22͒ in the form
The modified variational method employs an inequality
where ⌿ is an arbitrary function that satisfies a normalization condition ͵ m 0 ⌿*⌿dZϭ1.
͑28͒
The inequality ͑27͒ can be proved if one uses the expansion ⌿ϭ ͚ pϭ0
We chose the trial function ⌿ in the form
where the unknown parameters ␣ and Z 0 can be found from the condition of minimum of the function I(␣,Z 0 ) ͓see Eq. ͑27͔͒. Here we use the spatial distributions of f (Z) and (Z),
where ␤ 0 Ӷ1 and ⑀ 0 Ӷ1. These distributions satisfy the necessary condition ͑25͒ for excitation of the instability. Substituting Eqs. ͑29͒ and ͑31͒ into Eq. ͑27͒ yields
where bϭ1/2Ϫb 0 Ͼ0. Thus the modified Rayleigh-Ritz method allows us to estimate the growth rate of the instability
where ϭv 0 / 0 , c 0 ϭ2b 0 , Z 0 ϭϪ 0 Y /(1Ϫc 0 ), and Y is determined from the equation
Define a critical value of Y at which ␥ϭ0, i.e.,
Then we can rewrite the growth rate of the instability in the form
Here we consider the case of kӶ1. This implies long-wavelength perturbations in the horizontal plane. It is seen from Eqs. ͑34͒ and ͑35͒ that the instability is excited when
and Y ϾY cr . For example, when b 0 Ӷ1 ͑i.e., the inhomogeneity of turbulence is very weak͒, the growth rate of the instability is given by
where Y 0 ϭϪ1ϩͱ(Ϫ2). Thus it is shown here that the equilibrium distribution of concentration of the gaseous admixture is unstable. The instability results in the formation of an inhomogeneous distribution of concentration of the gaseous admixture. The exponential growth during the linear stage of the instability can be damped by the nonlinear effects ͑e.g., a hydrodynamic interaction between the gaseous admixture and a turbulent fluid flow and a change of temperature distribution in the vicinity of the temperature inversion layer͒.
B. Numerical study of the instability
Equation ͑22͒ was solved numerically with turbulent kinetic-energy and mean temperature profiles given by Eqs. ͑30͒ and ͑31͒. The extremum of turbulent kinetic energy is located at Zϭ0, the temperature minimum is located at Zϭ 0 ͓see Eqs. ͑30͒ and ͑31͔͒, and ZϭϪH is the location of an impenetrable boundary for the gaseous admixture. The boundary condition at ZϭϪH is determined by the equation J T ͉ ZϭϪH ϭ0, which yields the condition for ⌿ 0
provides zero flux of the gaseous admixture through a horizontal boundary plane ZϭϪH. The second boundary condition is ⌿ 0 (Zϭϱ)ϭ0. As an example, Fig. 1 shows the dependence of the growth rate of the instability versus b 0 for 0 ϭ1, v 0 ϭ2.2, and kӶ1. These values of the parameters satisfy the necessary condition ͑36͒ for the excitation of the instability. The minimum of the function f (Z) describing the spatial distribution of the turbulent kinetic energy is chosen to be located at the height Hϭ7 from the horizontal boundary plane, where H is measured in units of ⌳ T . These numerical results are in good agreement with the analytical estimates obtained by means of the modified Rayleigh-Ritz method ͑Sec. IV A͒. The instability is excited when 0Ͻb 0 Ͻ0.57. For illustration, the spatial distributions of the potential U(Z) are presented in Fig. 2͑a͒ ͑for b 0 ϭ0.1) and in Fig. 2͑b͒ ͑for b 0 ϭ0.5). In the vicinity of the upper bound for the parameter b 0 , the spatial distributions of the potential U(Z) sharply change. Note that the analytical estimate obtained by means of the modified Rayleigh-Ritz method yields the upper bound for b 0 ϭ0.5 in good agreement with the numerical results.
The effect of the boundary was neglected in the modified Rayleigh-Ritz method. Note that in the case Hϭ7 the numerical simulation showed that the effect of the boundary is indeed very small. However, if the boundary is located not far from the extrema of the temperature and turbulent kinetic-energy distributions, the modified Rayleigh-Ritz method does not allow an estimate of the growth rate of the instability. However, this case can be interesting in view of its relevance to atmospheric turbulent transport and can be studied numerically. For example, the dependence of the growth rate of the instability versus Ϫb 0 for Hϭ0.9 is shown in Fig. 3 . In this case the instability is excited even for very small terminal fall velocity ͑the calculations were performed for v 0 ϭ0). The gaseous admixture is accumulated in the region between the maximum of the turbulent kinetic energy ͑e.g., b 0 Ͻ0) and minimum of the temperature, which is located under the maximum of turbulent kinetic energy ͑the calculations were performed for 0 ϭϪ0.2). Note that the case v 0 ϭ0 describes the large-scale dynamics of the gaseous admixture when the terminal fall velocity is very small. On the other hand, v 0 0 corresponds to the dynamics of light particles in a turbulent fluid flow.
V. CONCLUSION
We demonstrated the existence of two effects: turbulent barodiffusion and turbulent thermal diffusion. These effects occur during advection of the gaseous admixture by a compressible turbulent fluid flow with low Mach numbers. These phenomena result in the appearance of two additional turbulent nondiffusive fluxes in the equation for the total mass flux of the gaseous admixture. The magnitude of turbulent barodiffusion and turbulent thermal diffusion fluxes is much larger than the corresponding molecular fluxes at large Péclet and Reynolds numbers. The effects vanish in incompressible turbulent flow of a surrounding fluid. These phenomena can cause formation of the large-scale ͑mean-field͒ inhomogeneous structures in a spatial concentration distribution of the gaseous admixture. The effects of turbulent barodiffusion and turbulent thermal diffusion can be important in various natural and industrial turbulent compressible fluid flows, e.g., the formation of gaseous clouds in turbulent atmospheres in the vicinity of a temperature inversion layer.
